Upward-propagating capillary waves are observed on the surface of short Taylor air bubbles rising in vertical pipes. The wave length distribution along the bubble surface is measured for bubbles rising in pipes of different diameters in stagnant and up-flowing water by digital image processing. It is shown that the waves are generated by bubble bottom oscillations, and their length is determined by wave-current interaction along the liquid film.
When a sufficiently large volume of gas is injected into a vertical pipe filled with stagnant or flowing liquid, large air bubbles are formed. Those bubbles, usually called Taylor bubbles, have a bullet shape and occupy most of the pipe cross section. The bubble is surrounded by a thin liquid film that flows downward. Quantitative studies of Taylor bubbles started with pioneering works of Dumitrescu 1 and Davis and Taylor 2 who performed a potential flow analysis around a spherical bubble cap and showed that the drift velocity of the bubble in stagnant water is U drift = k ͱ gD, where k is in the range of 0.33-0.36. For a Taylor bubble rising in a moving liquid Nicklin et al. 3 suggested that the translational velocity of the bubble is a superposition of its rise velocity in stagnant liquid, U drift , and the contribution of the mean liquid velocity, U m ͑see also Ref. 4͒. Barnea 5 proposed a simplified model for the film thickness and the liquid film velocity variation along the Taylor bubble, taking into account the gravitational, inertial, and frictional terms. Polonsky et al. 6 demonstrated experimentally that while the front part of the Taylor bubble's shape remains constant, its bottom performs quasiperiodic oscillations. They also performed a study of the oscillation frequencies and their relation to the bubble length. Measurements of the velocity distribution within the liquid film by Polonsky et al. 7 corroborated the model predictions. 5 Nigmatulin and Bonetto 8 presented images of short waves on the Taylor bubble surface in a pipe with an internal diameter of 15.6 mm. However, no quantitative data were reported. They suggested that the surface disturbances observed represent standing capillary waves with amplitudes that seemed to increase as the waves become shorter. Kockx et al. 9 studied disturbances at the surface of long Taylor bubbles in a pipe with a diameter of 0.1 m. They related the presence of those disturbances to the entrainment of small gas bubbles from the elongated bubble into the surrounding liquid. It should be stressed that in both studies 8, 9 experiments were carried out with a stationary ͑relative to an external observer͒ bubble in downward liquid flow, where the upward velocity of the Taylor bubble due to buoyancy is balanced by the effect of downward flowing liquid. In addition, a spherical cap was used by Kockx et al. 9 to stabilize the bubble head in the center of the pipe.
This Brief Communication presents an experimental investigation of short capillary waves on the air-water interface of Taylor bubbles rising in vertical pipes ͑see Fig. 1͒ . The phenomenon was observed to occur for sufficiently short bubbles only. Experiments were carried out in three 6-m-long vertical pipes with internal diameters of D = 14, 26, and 44 mm, both in stagnant and in up-flowing liquid. The experimental facility allows injection of single Taylor air bubbles of similar length. Since the facility was originally designed and used for particle image velocimetry ͑PIV͒ of the velocity field around Taylor bubbles, a double-head Nd:YAG laser was used as a light source to generate light sheet illumination in the vertical diameter plane of the pipe. To capture images of the passing Taylor bubbles, a Kodak ES1.0 PIV double frame camera with a resolution of 1 ϫ 1 K for each frame was used. The passage of the Taylor bubble at the measuring station, located at a distance of 5 m from the injection point, was synchronized with the recording camera using an optical switch. To reduce optical distortions, at the measuring station each image and to determine their propagation direction. All pairs of images examined, such as those in Fig. 2 , showed capillary waves propagating upward.
The excitation of those waves is attributed here to bubble bottom oscillations 6, 7 that serve as an effective wave maker. The measured bottom oscillations' frequencies range from 2 to 12 Hz, depending on the length of the bubble, the water flow rate, and the diameter of the pipe. The interfacial waves that are excited by the bottom oscillations at this frequency and propagate upward along the bubble interface are strongly affected by the downward water current in the liquid film that creates a Doppler shift in the wave frequency. 11, 12 Since the film velocity varies along the Taylor bubble, the length of the surface waves varies accordingly and the waves become longer when they approach the nose of the bubble, where the downward film velocity is slower.
To analyze this phenomenon, consider two moving frames of reference. In the first frame of reference that travels upward with the bubble velocity U tr , x denotes the vertical coordinate relative to bubble bottom location at the pipe axis. In this frame of reference, the liquid downward velocity within the film is U rel = U film + U tr ; where for simplicity the downward liquid film velocity U film is considered to be uniformly distributed in the radial direction. The local values of U film ͑x͒ and of the film thickness h͑x͒ in the frame of reference moving with the bubble can be calculated using the Barnea 5 model. The second frame of reference moving with the film velocity, xЈ, is defined, so that the mean liquid velocity in this frame of reference vanishes. The relation between the vertical coordinates in those frames of reference is therefore given by xЈ = x − U rel ͑x͒ . t. A monochromatic wave excited by bubble bottom oscillations with the radian frequency =2f, f being the wavemaker frequency, that propagates along the bubble interface, can be described in a frame of reference moving with the bubble as = f͑kx − t͒. The same wave in the frame of reference moving downwards with the liquid film can be presented as = f͑kxЈ − t͒. Note that contrary to the frequency , the wave number k is invariant with respect to the change of frames of references and is thus identical to that seen by an outside observer. Comparing the wave presentations in both frames of reference and invoking the relation between the vertical coordinates x and xЈ yields
It can be easily shown that the effect of gravity on a nearly vertical interface is negligible for waves under consideration that have lengths of the order of few mm ͑Ref. 13͒. The radian wave frequency is therefore related to the wave number k by the dispersion relation appropriate for pure capillary waves over a liquid with surface tension coefficient T and density = + kU rel = ͱ ͑k 3 /T͒ tanh͑kh͒. ͑2͒
Moreover, in spite of the fact that the liquid film is quite narrow, the deep water condition 13 tanh͑kh͒ = 1 is satisfied with reasonable accuracy for all wave lengths observed in the present study. Finally, the relation between the wave length =2 / k, U rel , and the wave-maker frequency, f, is obtained from ͑2͒ as a function of the distance from the bubble bottom, x,
͑3͒
The wave length distributions along the Taylor bubble rising in a 26-mm-diam pipe in stagnant water, calculated from ͑3͒ for various wave-maker frequencies, are presented in Fig. 3 .
The predicted wave lengths are only weakly dependent on the excitation frequency. It was therefore decided to use the value of f = 7 Hz as the effective forcing frequency in all calculations.
The length of the interfacial waves observed on the Taylor bubble surface is of the order of millimeters and increases with the distance from the Taylor bubble bottom. The images of the Taylor bubbles were analyzed to extract the wave 
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Liberzon, Shemer, and Barnea Phys. Fluids 18, 048103 ͑2006͒ lengths and the position of those waves on the gas-water interface along the Taylor bubble. All images were first enhanced to obtain a clear interface. All interfaces recorded for given operational conditions were ensemble averaged, to get the mean interfacial shape as a function of the distance from the bubble nose. This mean interfacial shape was then subtracted from the interface obtained in each individual realization yielding surface disturbance with the mean value close to zero. The wave length was defined as the distance between consecutive crests in the resulting image.
Since the actual size of the Taylor bubble in each realization was slightly different, the position along the interface was determined relative to the bubble nose. Bubble bottom oscillations are in fact nonmonochromatic with quite a wide spectrum and random phases. 6 The waves' excitation process is thus also random, resulting in a distribution of the wave lengths for any given distance from the Taylor bubble nose. The Taylor bubble was thus divided into narrow averaging bins according to the distance from the bubble nose. The width of each bin did not exceed the half of the shortest wave detected in the ensemble. Results obtained for all realizations were ensemble averaged within those bins to obtain the mean wave length's distribution along the bubble. Figure 4 shows the variation of the ensemble-averaged interfacial wave length along Taylor bubbles rising in stagnant water in the three pipes. Averaged standard deviation values are 0.50 mm for D = 14 mm, 0.08 mm for D = 26 mm, and 0.1 mm for D = 44 mm. Since the length of the waves is predominantly determined by the Doppler shift induced by the current in the liquid film, the waves that are excited at the bubble bottom, where the current velocity is at its maximum, are short. The wave lengths then increase gradually as they propagate upward along the bubble where the film becomes wider and the current velocity decreases accordingly. Since the film velocity is larger for larger pipe diameter, the wave length at a given distance from the bubble nose decreases with increasing D.
The measured data in stagnant water agree well with the calculations. Note that experimental conditions enabled wave length detection near the nose area only for the larger ͑D =44 mm͒ pipe. In all three pipes, the minimum ensembleaveraged wave length that can be identified is approximately 0.8-0.9 mm.
The experimental data and the theoretical predictions for up-flowing water at close Reynolds numbers ͑based on the mean liquid velocity U m ͒ are presented in 
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Upward-propagating capillary waves Phys. Fluids 18, 048103 ͑2006͒ 0.8 mm. This discrepancy between calculations and measurements is attributed in sequel to the effects of viscous dissipation and wave breaking. The absence of very short waves in the recorded images can be understood by examining the effect of energy dissipation. As already stressed, as a result of bubble bottom oscillations surface waves in a wide range of wave lengths are generated. Assuming that the main contribution to the capillary wave dissipation along the bubble occurs in a thin viscous boundary layer at the water-air interface, the dissipation rates for different wave lengths can be estimated. In the linear approximation, the amplitude of a capillary wave subjected to viscous dissipation decays in time exponentially with the decrement ␣ =2k 2 , being the kinematic viscosity of water ͑see, e.g., Ref 14͒. The wave energy is transferred with the group velocity C = ‫ץ‬ / ‫ץ‬k =3 /2k for the purecapillary waves dispersion relation ͓͑2͔͒.
The variation of capillary wave amplitude, a, with the distance L due to viscous dissipation is thus a͑L͒ = a 0 expͩ − 4Lk 3 
3
ͪ.
͑4͒
The relative variation of the wave amplitude as a function of the distance L from the generation point calculated from ͑4͒ is presented in Fig. 6 for various wave lengths.
It is clearly seen that waves shorter than about 1 mm essentially disappear over propagation distances of few millimeters. Waves shorter than 0.5 mm lose half of their initial amplitude over a distance of 1 mm and therefore are not detectable in the Taylor bubbles images. Examination of wave length distribution near the bottom of the Taylor bubbles indeed shows that no waves shorter than 0.5 mm are present. An example of the skewed wave length distribution close to the Taylor bubble bottom in the pipe with D = 26 mm in stagnant water is presented in Fig. 7 . Lack of waves shorter than 0.5 mm causes the shift in the average wave length to the value of 1.2 mm, higher than the maximum of the distribution at Ϸ 1 mm. This bias towards longer lengths distribution at the generation location results in a corresponding bias along the whole bubble surface. This bias is more pronounced for longer bubbles and for bubbles rising in up-flowing water, since in those cases the liquid film velocity near the generation point is higher, resulting in generation of waves with shorter initial lengths which are subject to stronger dissipation.
Wave breaking of steep capillary waves further contributes to fast decay of very short waves and thus can be seen as partially responsible for the disagreement between the theoretical estimates and the experimental results. 13 All of the above support the validity of the proposed mechanism of excitation of pure-capillary waves by Taylor bubble bottom oscillations. The direct observation of the waves' propagation direction consistently showed it to be upward. The observed wave lengths were found to fit those of pure-capillary waves affected by the Doppler shift due to the downward current in the liquid film. Since the current velocity increases from nose to tail of the bubble, the observed waves are short near the bubble bottom, with their length increasing toward the bubble nose. For longer bubbles, the generated waves are too short and decay fast, explaining the appearance of waves on short Taylor bubbles only. The downward film velocity increases with pipe diameter and with water flow rate, resulting in excitation of shorter interfacial waves.
